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1 .   INTRODUCTION 

It  Is  tl;e  purpose  of  this  paper  to  evaluate  the 
maximum  stress  In  a  column  which  has  been  loaded  beyond 
the  point  of  buckling,  using  the  "standard"  formula  for 
strain  energy  density  but  necessarily  permitting  large 
deformations  and  strains  so  that  non-linear  behavior 
must  be  taken  into  account.  For  simplicity  of  presenta- 
tion and  calculation,  full  use  will  be  made  of  Professor 
John's  study  of  "Harmonic"  materials  as  given  in  his 
paper  "Plane  Type"  published  in  Communications  on  Pure 
and  Applied  Mathematics,  Vol.  XIII,  No.  2,   May  19^0. 
Reference  will  be  made  to  this  work  to  Justify  various 
steps  in  the  present  paper  in  the  form:   (P.J.  eq'n  n) 
or  (F.J.  page  m)  .   It  may  interest  the  reader  to  laiow 
that  the  initial  portion  of  the  present  paper  was  repeat- 
ed using  the  method  of  directly  minimizing  the  total 
strain  energy  and  obtair.ing  the  same  results  but  in  a 
more  lengthy  and  cumbersome  fashion. 

In  accord  with  the  assumptions  made  by  Fritz  John, 
the  column  is  assumed  to  have  the  ends  constrained  so 
as  to  be  plane  and  parallel  throughout  the  loading  and 
two  sides  constrained  in  such  a  way  as  to  prevent  any 
deformation  in  a  direction  perpendicular  to  them  thius 
reducing  the  problem  to  tvjo  dimensions. 

Results  of  calculation  are  presented  in  two  forms: 
tabular  values  corresponding  to  18  ratios  of  depth  to 
length  of  columns  covering  the  entire  range  of  importance 


I  ■ 
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and  power  series  In  a  quantity  which  is  a  constant  times 
the  square  of  this  ratio  and  thus  best  suited  to  use  for 
slender  columns.  Values  are  given  for  both  coefficients 
describing  the  deflection  and  those  describing  the 
maximiim  stress. 

The  paper  concludes  with  the  application  of  the 
derived  stress  relations  to  a  steel  coliomn  to  show  that, 
for  such  a  material,  the  non-linear  analysis  does  not 
differ  much  from  the  more  common  linear  which  predicts 
complete  failure  the  moment  the  column  buckles. 

2 .   Basic  Relations  Using  Fritz  John's  Analysis . 

I  assume  that  the  maximum  stress  in  the  buckled 
column,  v;ith  the  given  end  conditions,  occurs  at  one 
of  the  corners  "C",  i.e.  at  x  =  0,  y  =  ±  h/2.   This 
appears  reasonable  from  the  general  shape  of  the 
deformed  column,  but  I  have  not  succeeded  in  proving 
it.   At  C,  it  is  obvious  that  the  principal  stress  axes 
coincide  with  those  of  the  column,  so  that  the  stress 
(Lagrange)  is  q  =  q.,-j_.  Hence,  {F.  J.  eqns .  2.2  and  2.3) 

q  =  2ia(A- Vy) 

so  that  (F.J.  eqs.  2.38  and  2.^0) 

q  =  2^b!^^   +  u^  -  5^  -^^]  . 

But  (F.J.  eq.  k.';^)   u  =  f^   at  C  and  (differentiating 
P.J.  eq.  2.34) 


=  p 


Hence 


o'f'''  'xrfe  '^-1'  +2 


=>=%^(i-7'*K      -*    = 


Now   (P.J.    eq.    2.41) 


7  =   V^l  +  i'l     , 


and   (P.   J.   eq.    4.28a  and  4.54) 

7  =  ^^^     at  C 

=   (l-e){l+(j)^) 
Thus 

^.MMO[(i.,, (1^^,-11   . 

Take   (P.J.    eq.    4.28a  and  footnote  2^) 

*  =  g  a„  ^^  Blnh  W  -  g  a„  ^^^^  cosh  ».y  , 

n  odd  n  even 

Then    • 

00  oo 

(})     =  >        a     cos   noix  slnh  nay  +  >       a     cos   ncox  cosh  ncoy 
^       n-1     "  n=2     " 

n  odd  n   even 

oo  ,  00  , 

=  +  ZZ  a„  sinh  -^  +  YH  a„   cosh  -^   (at  C)    , 
n=l     "  '^         n=2     " 

n  odd  n  even 

and, choosing  the  lower  sign  for  extreme  q  (to  make  the 

first  terms  of  like  sign) 

n=l 


n  odd 

00 


xryi 


-    (l-e)ZI  a„   cosh-^l 
n=2     "  "^ 


n  even 


Let 

e  =  f£  -Eq 

F  =  coh 

sinh  nH 
^n  ~    nl-I 


oo 


a„  =  e"  f^  A„  ..  e^J 


and  (P.J.  i3age  'i^30)  the  critical  strain  is 


Erx  = 


=1-1 


Then 


where 


0    2s- 


a  _  _  ^!J-(7^^J-)  <r^  T  e" 


s^+1 
^1  ^  -2^  ^10  ^i"h  2 

T2  =  1  -  -^  Ago  cosh  K 

s  +1 

T^  =  -  A^Q  sinh  |  +  -|g-  (A^^  ^^"^  ^  +  ^^o  ^^"^'^  "^^ 

s.,+1 
T2|  =  AgQ  cosh  H ~ —  (Agg  cosh  H  +  Aj,q  cosh  2H) 

etc . 
Also  2 

-1   ^y(l-3<t)^+^<i^^...)H-^<^j(l-...)+. 


-  n  ■'- 


-T 


.  y  ..J  -J 


il  r 


-3" 


SO  that 


{y-D-  =    (l-e)^[(l+cl)^)^+c[>y]    +  1   -   2(l-£)/(l+ct>^)2-Hl)y 
=   e^   .   2£(1-£)(1)^  +   (1-e  ){[(!-£) (1)^^-3(1)2] +(|,^<{)2 

^y^^x      4    ^y'         ^x^y^^x      4    ^y' 

.    c|)2(<l.^-l   ^2^2   +1    ^4)    ^.    ...3 
^y^^x     2   ^x^y        c3   ^y'  -^ 

Then    (P.J.    Eq.    4.36) 

T(^/')    =  1^  Lh   [£2+(i_e)(Q2  +  Q^+Qij^+Q^+Qg+  ...)] 
where  ^^^     ^ 

-h/2     0 
h/2     L 

^3  -  rE    j       /  'I'x'^y  ^^^   ^^^^ 
-h/2     0 
h/2  L 


^--Vr.     //*yt*K-i*y'  '■'^'^ 


-h/2    0 
i/2      L 
1        r        r  L   l2,i2     3'   i2. 


h/2     L 
%  =  E^    j      /*x*y(*S-<*y'   ^^^''^ 


-h/2     0 

^6--h  ffei^i*.?i^^*^^xay 

-h/2  0 
etc . 

But 

CO  oo 

i)     =  >       a  Sin  ncox  cosh  nnoy  +  >        a^   sin  ixox  slnh  no^y 
^        n=l  n=^ 

n  odd  n  even 


1  >^ci))^i' 


~    -    ,'P 


r.P 


;u'. 


D 
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Then  (F.J  bottom  page  2?0) 


Explicitly: 


<|),    =   a,    cos  oox  slnh  a^y  +  ap  cos   2cox  cosh  2ojy 

+  a,  cos   5cDX  slnh  Jcoy  +  aj,    cos  4cox  cosh  ^koy+.  . 

(f)     =   a,    sin  cux  cosh  coy  +  ao  sin  2cdx  slnh  2a)y 
^y        1  ^2 

+  a^  sin   3a)X  cosh  3a)y  +  a-i^   sin  4o:)X  slnh  ^Icuy  +. 
making 

J-    /  (}),({)f  dx  =  a^agC"!  ^^"'^  ^^'^  ^°^^  '^"^  ^^"'^  ^^'^'^'" 
0 

-  4   cosh     cny  cosh  2cDy) 

+  a,apa^(-i   sinh  coy  slnh  2a3y  cosh  >Dy 

+  -i  cosh  a:)y  cosh  2a3y  cosh  3coy 

-  -^  cosh  coy  slnh  2cr)y  slnh  3«30 
+  SL2^ij^{i  slnh  2cDy  cosh  2ojy  slnh  4coy 

-  -j^  slnh     2cDy  cosh  4a)y) 
+  a,a^ai^(|  slnh  cuy  cosh  ^coy  slnh  ^ 
+  i  cosh  coy  slnh  ^o^y  slnh  ^toy 

-  -i  cosh  wy  cosh  Jcoy  cosh  -kuy) 

+   .  . . 
so  that 
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12  1 

12  1 


Also 

L 

L  /    ^x'^v  ^^  =  "5  ^1    slnh    (XI  y  cosh     cuy 
0 


^ 


221  2  2  12  2 

+  a,ap(-jr  slnh  coy  slnh  2(oy  +  -jrcosh  my  cosh  2a)y) 

+  a£a^(-ji;  sinh  coy  cosh  coy  cosh  5c:)y 

1  2 

-  -jr  slnh  o:>Y  cosh     cjy  sinh  Ji^y) 

2  12 

+  a,a^a;,(-  -jr   cosh     coy  cosh  2a)y  cosh   ^coy 

-  -p  sinh  coy  cosh  coy  slnh  2co3'"  cosh   4coy 

+  -p   sinh  ojy   cosh  ooy  cosh  2cDy  sinh  4cjoy 

1  2 

+  -rr  sinh     coy  sinh  2coy  sinh  4-coy) 


and 


1    r  ih  "54  ^  "^22  2  2 

Y"    /    (j)     dx  =  -^  a-]    cosh     coy  +  -0  a^ap  cosh     coy  sinh     2cDy 

0 

-  -x  aja^  cosh-'oiy  cosh  ^y 

■^2  2  I 

-  -0  a,apa),    cosh     coy  sinh  2coy  sinh  4cuy  +   .  .  . 

so   that 
%  =  2^  a^(15+12s^-Sp)    -  -^  a^a2(l4+7s^-6s2+s^) 

-  Pi  a£a^(5+3s^-S2+3^)    +  pf  a^a2a2|(l^+6s^-'r32+2s^-3Si^)+. 
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Also 
L 

Y    /  (t)-^(|)^  dx  -  ^  a^ap   sinh^  ooy  cosh  ojy  slnh  2coy 

0 

+  aiaj^(-  y|  sinh^  coy  cosh     my  cosh  ^wy 

+  -r  sinh-^  coy   cosh  coy  sinh  4o3y) 

+    .  .  . 

and 
L 

^    /    <|)>     dx  =  a^a^(-i  slnh  ojy   cosh^  coy  slnh  2coy 
jj  ,  J      X  y  ice 

0 


+ 


1  ''■ 

-  -jr  cosh'   cDy   cosh  2coy) 

4„    ,      1   _. 


a^a)|^(-  -^  slnh  coy  cosh''  coy  sinh  Ho^y 

l  ii  ,       . 

+  ^  cosh  '  coy  cosh  %)y) 

+  . . . 

so  that 

S  "   2^  a!;a2(32+23s3_-8s2+sj    -  ^  a^ai^(5-+20s^-^S2+4s^-^s,^) 

+  . .  . 

Further 
L 

^    /  (t) '<i)f^  dx  =  -p;  a^  sinh'  coy  cosh     coy  +   .-. 

0 
L 

■i   /    i^i  ■    dx  =  Jv-  a,''   sinh^  coy  cosh     coy  +   ... 
L  -^   ^x^y  !.->      1 

L 
^    /   (l)'^  dx  =  -^  a^   cosh'^  coy  +   .  .  . 

0 
so  that 
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Now    (P. J.    eq.    4.57) 


^      (Q^  +  q_  +  Q.  +  Q^  +  Q,^  +  .  .  .  )    =  0 


Hence 


+ -^  a^(13+123-,_-S2)-  ^  a]_a^(l4+7s^-'^Sp+3^,) 

-  -^  a2a^(5+J-Si-S2+S3)   +  ^  a.la^i32+2-,s^-QB^+s^) 

-  2^  a^^(90+7933_-10s2+s^)   +   ... 

0  =    (%^  -e^S2)a2-  j.^  a^(5+2s^-S2)+|  a^a^(5+3i-S2+S5) 
1 

-  .i  a^a2(  14+733^-682+3^)+^  aJ(32+2353_-8s2+S5)  +  .. 
0  =  Is'^  a.+  ^a^a2(-+S3_-S2+33)-  ^  aJCs+^s-L-Sg+s^)^.  . 
0  =  —h^  ^4   -  T5  ai(>2s2-Si^)-  ^  a^^a^C 3+31+33-34) 

+  ^   a^apCl^  +  '"^s-L"  ^^32+  23^-  Js,^ 

"  T^  4^^"  "^  ^^^i"^  ^^^2"^  ^^3"  ""^n^  "^  ••• 


etc 


3.   Evaluation  of  Deflection  Coef flclent3 . 

Considering  tbe  preceding  equations  as  identities 
in  e,  vje  have: 

0  =  -  sAo-  |(  5+233^-32)  A3_oA2o+^(  13+123^-82)  A^o 


(Sp+S,  )  n  ' 

=   L/  ^20  -Tt:  (^^+23-^-^2^^: 


T,.'5)    ^.-M 


t  ^  '^-^    ft—    p-i- 


■- .'   p J.  f>  n  _ 


.EV+-! 
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+  ^   (15+.<s^-'lS2+2s^-3^Si^)A^^A2o 

-  -x^      (3=^  +  20s3_-'^S2+4s3--Sj^)A^Q 

0  =   -s^A^g-  •5(3+25-^-32)  (A^2^2q+A-loA22)+-Jf(13:-+123^-S2)A^oA^2 
+  ^( 3+5^-32+3,) AgoA^Q-  ^(ii.+7s^-6s2+s^)A^oA^Q 

-  A('~+5s-l-S2+S3)a2qA.q+  ^(32+25S;l-8s2+s.Ja|oA2o 

-  2^(9C+79Si-10S2+s^)A^Q 

(So+St  ) 


0   =  - 


2s^ 


A22  -   SgAgo-  -B^ 3+23^-32) A^oA^2 


+  ^(3+3^-S2+3.)A^qA^q   -  ^(14+7s-l-'^S2+s^)A^qA2o 
•^  2I5    ( 32+233^-832+30 aJo 


ecc. 


Hence,    if  A,q  7^  0, 


3^(^+23^-32)      2 
^20  =  ~    0(82+3^)  "^10 


and 


or 


10 


3,(5+23,-32)      01, 
'1   ^        64(32+3  J     -io   -  -^(13+123,-32). 

^  64s,(s2+3-j^) 

^10  "    {l+s,)(4s,+13s2-'+sJ+43,S2-s|)        ' 

8s^(3+2s-,_-S2) 


^20 


(1+s,)  (4s,+i:532-4s^+4s,32-32) 


o 
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whlch  are  valid  If  A^q  >  0,  that  is  if 


But 


Sp  =  s-  cosh  H  . 


Hence  the  requirement  is 

H(4  +  13  cosh  II)  >  sinh  H(cosh  H-2)^  . 

By  successive  approximation,  we  find  that  this  means  that 

H  <  2.7881507880 
or 

^  <      .8874959600 

Li 

in  agreement  vjith  an  earlier  computation  by  Alfred  Schatz 
(P.J.  footnote  27) . 

For  larger  H  than  given  by  this  inequality,  the 
transition  from  the  unbuckled  to  the  buckled  state  is 
not  continuous  (F.J.  page  28^)  and  it  can  be  inferred 
from  subsequent  numerical  evaluations  for  values  of  FI 
approaching  the  inequality  limit  that,  at  or  beyond 
this  limit,  buckling  leads  to  infinite  stress  as  soon  as 
it  occurs,  no  matter  by  how  little  the  critical  strain 
is  exceeded. 

Within  the  inequality  limit,  the  previously  given 

2 
explicit  expressions  for  A,q  and  A^q  are  valid  and  A^q 

2 
may  be  taken  as  the  square  root  of  A^q  with  either  sign 

(corresponding  to  buckling  in  either  direction).   The 

equations  previously  given  then  suffice  to  solve  for 

the  A.  .  of  higher  rank  although,  for  j  ^   0,  the  evaluation 


-ii 
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necessltates  solution  of  sets  of  simultaneous  linear 
equations.   Thus  A,p  and  k^^^   are  given  in  terms  of  A^^, 
AoQ,  A^Q,  and  liu^   by  a  pair  of  equations.  The  determinant 
of  the  coefficients  in  these  equations  is  a  multiple  of 
s-j+Sp  so  that  their  evaluation  is  valid  if  that  for 
A^Q  is.   The  explicit  solution  for  A^g  is  found  to  be: 

^12  =  -T^^   (9O+79s^-10S2+sOA^Q  -  ^(32+25s^-Ss2+S3)a5qA2o 

+  ^(14+73^-682+33)  a^oa|q+  Tie^^+5^1-^2+^5^^10^50 


Closed  form  solutions  in  terms  of  the  s.  become  quite 
complex  and,  moreover,  are  not  of  particular  value  in 
interpreting  the  physical  behavior.  For  these  reasons, 
we  prefer  evaluations  in  numerical  form  or  in  power 
series  in  H.  For  convenience,  instead  of  H  itself, 
we  will  use  the  quantity  E  as  the  power  series  parameter 

where 

t.t2    2,  2 
p  _  H  _  IT  h 

T5 5 

^"^        12L'^ 

is  the  critical  strain  given  by  linear  theory  (Euler  limit) 

By  straight  forv;ard  calculation  we  obtain  the  numerical 

values  given  in  Table  I  and  by  substituting  power  series 

for  the  3.  and  performing  the  Indicated  evaluations  we 

obtain  the  following  series  expansions: 


.j-L'xea  'r. 
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£0  =  ^^1-5^  +  35^     -175E     "^"5^^^        WWT 
+  982S2     p6  _         . 

,2         ,.,        3  p    .   181  ^2       1972  e5  +  382^  E^ 

40822599  T,5  ^  159^711^0931  r.6       I3_^912;a0517  ^^       \ 

— Fimo  ^  +    56056600^  ^   -    ii2ii^oo  ■  E  +. . . ; 

oM  3  x.^  679  T,2  64661  ^3  .  21133373  / 

712307069  T.^^  2061288208621  „6  1838399691618^-21  g7 .   ^ 
-  ;.133920  E'  +   2296053760"  ^ 459210752000  "^  ^"' ' 

11     ^07   2   24'^13  „3  .  1032047  „4 

2734-49  ^"S,,  29074661607  T,6    ^8726-^1783  Tr7. 
--T7§0  ^"■^'   '4312000   ^ 203840  '  E  +. . . 

3n  141  T.  -^  '^'9477  p2   5536333  e5+  4907318679  ^^ 
ho   "  B^l"  "20  ^  "^  "1120  ^  ■  "22400  ^  +   3942400   ^ 

r.981006278187  r.5  J.  l'^>6660798338784l  6  _    x 
"  "■■  1025024000  '■  ^  ^         57401344000       '"' 

a   _  In  27  E  -  3471  e2  .  8^  e5  +  S'^lg^gQ^  E^- 
^40   "B^-^"  —  ^   n^io  ^    350  ^     30«00  "^ 

63^^643406703  T,5  ^  1306287294013953  e6  _    -) 
"   14014000   ^  ■*" 3587584000    ^    ---^ 

^n^  37  p  J.  145  p2   11795^47  e3  .  749249507  e4 
A-,0  =  lr(l+#  E  +-^^  E  -  —24000  ^  +  I7920OO  ^ 


^12  -  IF' 


1126^16010933  p5    .  ^ 

501760000        ^     +   ..-i 


7n      1017  T,    .    12321  e2       30301^1  e3  +  198602559  E^ 
A22  = -gd- Tifo  ^  ■^"392"  ^ 9800^^  107^00 


45683278439097  e5    .  ^ 
392392000              f   .-w 


etc. 


(...- 


%. 


-    Ul 


<( 
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4.  Stress  Evaluations. 

Since  the  T.  are  explicit  expressions  in  the  A^^., 
they  may  novj  be  similarly  expressed  in  series  or  numeri- 
cally evaluated.  Table  II  gives  numerical  values  and 
the  following  are  the  power  series: 


^0  ~   ^0 


T7fT      7  T7  ^  62  ^2        381  ^-3    .    146  ^4        2828954^5 
=  E(1-^E+^E     -^£-^+-^5^     "  875875 


S:82o2  ^6 

15 


^^02"^  ^     -    . . . } 


m  _  „n  ^'  F  4.  179  p2   i6'^ii  ^5  .  26008109  E^ 
Ti  =  H(l-  -jp  E  +-^  E  -  -^^  E  +  538400  ^ 

4368^29519  t:.5  ^  62840280823403  p6        ^ 

"  I-.769600  ^  "^   ^^7401344000  ^  -  ••♦^ 

^         1  ^   ,T  .   25  T7       1969  T,2    ,   33^71  p5  _  13041423  ^.4 
^2  =  2  -^    ^^"^"2  ^  "  "TFO  ^     +-28S~^ 3O8OO     ^ 
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522971601; 

14014000 


L4  =  "52    ^    "3^       5^^        2100 
,  33229716019  T7^       ^ 

etc. 

These  values  suffice  to  give  the  stress  in  terms  of 
the  compression  ratio  since,  as  previously  given, 
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The  relation  to  the  applied  load  may  also  be  of  Interest, 
The  total  load  Is  (P.J.  page  285) 


But 
L 


A+2[i 

h/2     L 

-h/2     0 


ir2c>  IP         p  p 

X  /    ^^x^K"^   dx  =  -^  ^211     a^Cslnh""  rwy  +  cosh""  ixoy) 

0  "'""'' 

1     ®      2 
=   o  >       a„   cosh  2na:)y  , 

'^  n^     " 


so  that 

h/2     L 


-h/2  0  "'-^ 


making 


where 


P  -  ^U-(>v-Hx)h  ^  p        ^2n 
-        A+2n       "^  ^2n  ^ 


^0   '   ^0 


Pg  =  1  -  i(si  4-i)a2q 


2s 

+  ^   (3+2S3_-S2)A^qA2q   -  ^    (15+12S3_-S2)aJq 

etc. 
Numeric  values  for  Pg  and  Pi^  are  included  in  Table  II. 
Series  expansions  are: 
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p     _!.,/.        163  p    ,   1^07  p2       3_57l69  p3 

,    ^2324049  „4        127298619941  ^5    .  V 

"^        30800"  ^ 2c!02b000        ^      +    .  .  .  ) 


P    -  -9  F  n      '^'^^  F  +  9-227  p2  _  35^91^9  p5 

Pij.--^E(1--^E+  -^^^  E      -  --^S^  E 


,       10360752029     p4  V 

I07c5000      ^    -...;. 


5.   Application  to  Steel  Columns. 

For  many  materials  and,  in  particular,  for 
structural  steel,  allowable  stresses  correspond  to 
rather  small  strain  values .  Tine  yield  point  of 
structural  steel  approximates  32  thousand  pounds  per 
square  inch  whereas  its  modulus  is  about  29  million 
pounds  per  square  inch.  A  steel  column  will  therefore 
fail  prior  to  buckling  unless  it  is  sufficiently  slender 
to  make  Sq  <  .0011  (that  is  h/L  <  .0366).  For  such 
proportions,  the  power  series  expansions  in  E  converge 
very  rapidly  and  little  error  esults  if  only  the  lowest 
order  terms  are  used.  Power  series  in  e,  hovjever, 
converge  poorly  if  e  is  large,  as  is  the  case  for 
buckling  of  sufficient  magnitude  to  cause  overstress 
in  extremely  slender  columns.  This  behavior  makes 
certain  procedures,  such  as  inverting  the  series  giving 
T  in  terms  of  e,  unsuitable.  We  thus  perfomi  numerical 
evaluations  using  the  series  previously  derived,  determin- 
ing e  by  successive  approximation  in  which  the  rate  of 
convergence  can  be  observed  and  limiting  the  evaluation 
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to  the  ranee  of  h/L  for  vjhich  the  results  are  of  sufficient 
accuracy.  Tnls  is  Justified  by  the  fact  that,  in  practical 
structural  members  taklnc;  compressive  load,  very  small  h/L 
Is  avoided  and,  In  any  case,  large  compression  ratios 
cannot  be  tolerated. 

Our  procedure  is,  therefore,  to  compute  e  for  x 
fixed  at  the  yield  value  and  a  series  of  values  of  h/L. 
Using  these  computed  values  of  e,  the  corresponding  values 
of  P  are  then  calculated.   Curve  I  shows  these  plotted 
against  h/L.   Instead  of  the  load  P  itself,  the  curve 
shows  the  ratio  to  the  critical  load: 

D   -  ^^u-(7v-Hx)h 

Examination  of  the  curve  shows  that,  except  for  extremely 
slender  columns,  there  is  little  difference  between  the 
load  causing  failure  after  buckling  and  the  load  Initiat- 
ing buckling  so  that,  for  all  practical  purposes,  the 
critical  load  is  the  maximum  safe  load.   The  difference 
is  below  1  percent  for  h/L  >  .002"^.   At  the  other 
extreme,  of  course,  when  h/L  >  .0'^^(^,    the  column  fails 
in  direct  compression  before  the  buckling  load  is  reached. 
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